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By integration of the Laplace equation, equations, have been obtained 
for the temperature field and the thermal resistance of a sphere with 
two contact areas. A formula has been derived for determining the 
contact thermal conductance of granular materials, 

In a g r anu la r  m a t e r i a l  under  vacuum,  heat  t r a n s -  
f e r  is accompl i shed  by two means :  conduction and 
radia t ion.  In many c a s e s  heat  t r a n s f e r  by the f i r s t  
means  is p redominant .  This has been  examined in 
r e f e r e n c e s  [1 -3] .  

T r a n s f e r  of heat  in a g ranu la r  ma te r i a l  by  conduc-  
tion o c c u r s  through the a r e a s  of contact  between ad-  
joining g ra ins .  To ca lcula te  heat  t r a n s f e r  in this ca se  
we f i r s t  find the t e m p e r a t u r e  field in a sphere  with 
two contac t  a r e a s  (Fig. 1). We shal l  take as  given the 
radius  of the sphere  r 0 and of the contac t  a r e a  a, F o r  
s impl ic i ty ,  we will a s s u m e  that the contact  spot  is not 
plane,  but  r a t h e r  pa r t  of the su r face  of the sphere ,  an 
a s sumpt ion  which will not in t roduce  an a pp re c i ab l e  
e r r o r  f o r  a. F o r  example ,  with a = 0 .2 ,  the d e f o r m a -  
tion of the sphere  when a plane contac t  spot  is f o r m e d  
is only 0.02 r 0, and the a r e a  of the plane spot  is l e s s  
than that of the co r r e spond ing  sect ion of the spher ica l  
su r f ace  by 1%. We a lso  cons ider ,  as  in the case  of  
a plane contact  spot,  that  ~ = sin qP. 

The solut ion of the p rob lem reduces  to in tegra t ion 
of the Laplace  equation in spher ica l  coord ina tes  

O(r., aT) 1 O (sin~ 0 ~ ) = 0  (1) 
0--r- &-r + sint~ 0it 

with boundary  condit ions 

OT ] OT 

- - %  for, 0<.,# <q~ 
z,, 
0 for q 0 ~ < v . - - q ~  . (2) 

The solut ion of (1) has  the f o r m  

T= a~pkPk(cost~) (9 -~ 1), (3) 

k = 0  

where  Pk(COS d) a r e  Legendre  po lynomia ls  of the f i r s t  
kind of k- th  o r d e r ,  

The funct ion f (~ )  m a y  be expanded in a s e r i e s  of 
Legendre  po lynomia l s ,  

f (~) = ~ b,Pa (cos 0), (4) 
k = 0  

where  

b k ~ 
2k q=l fO)G (cos t}) sin t~ d~. 

2 
0 

(5) 

q 

Fig.  1. Heat  t r a n s f e r  s cheme  
fo r  a sphere  with two contact  

a r e a s .  

Af te r  finding the de r iva t ive  OT/0p f r o m  (3), and 
equating it t o f ( ~ )  when p = 1, we obtain a re la t ion  be -  
tween the coeff ic ients  a k and bk: 

a~ = bdk. (6) 

We de t e rmine  the coeff ic ients  bk f r o m  (5): 

(p 

2 L j \  z,,] 
0 

+ ;  q--- 'Pk(c~ = ~ , ,  

Cos ~ --1 

(2k+ 1) q 

I --cos (p 

To ca lcu la te  the in tegra l s  in (7) we use  a r e c u r -  
r ence  re la t ion  fo r  the funct ions Pk(X): 

(2k + I) P,~ (x) = P,~+I (x) --Ps (x). (8) 

In tegra t ing  in the range  1 to cos ~0, we obtain 

cos rp 

2k q- 1 k Pk+' " 
1 

The second in tegra l  in (7) is equal in value to the f i r s t .  
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Both in tegra ls  have identical  s igns for  odd k and op-  
posi te  s igns fo r  even k. There fo re  the even coeff i -  
c ients  b k a r e  ze ro .  Final ly ,  we find 

b,zn+~ ~ q-ft" [P2n(cos~)~P~n+~(cos~)] ,  (10) 

where  

n=(k--1) /2  (~=} ,  3, 5 . . . .  ). 

60 
.sg 

0 

Fig.  2. Tempe:rahare f ield 
in a sphere  with two :con- 
tact  a r e a s ,  with a = 0.2 

and q/XT = 1000. 

Taking (6) into account l  we obtain a fo rmula  fo r  the 
t e m p e r a t u r e  field in the  sphere  

r 

r = q ~ ~ [p~,, ( co s ~ ) -  
~ ~= 2n + 1 

- P2,+2 (cos q))l P~'+~ P~,+~ (cos 0), (1 1) 

o r  

T =  q ~ [ 3  )~, ~ - a p c o s ~ +  

7 
+ i 6  (2a~ - -  5a9 p 3 (5cos~ ~ - -  3cos ~) + 

1 
+ 1 ~  (88a2 - -  308a4 + 

+ 231 u 6) p5 (63eos~ ~ _70cos ~ @ + 15cos #) + ... ] .  (12) 

It is m o r e  convenient  to p e r f o r m  the ca lcula t ions  
f r o m  (11) us ing tables  of Legendre  po lynomia l s  (see,  
fo r  example ,  [4]). The conve rgence  of the s e r i e s  in 
(11) d e t e r i o r a t e s  as  p - -  1 and ~ < q0. 

As an example  we will find the t e m p e r a t u r e  f ield 
of a sphere  with two contact  a r e a s ,  fo r  which ~ = 0 .2 .  
Then (11) takes  the f o r m  

T :-: ----q [0.0600p Pa (cos ~) + 0.0421p 3 P3 (cos O) + 
~T 

40.0378 [,~P~ (cos ~) + 

+ 0.0319p 7 P7 (cos q) +0.0258p ~' P9 (cos ~) + ... ]. 

The t e m p e r a t u r e  field in the sphere ,  cons t ruc t ed  f r o m  
this re la t ion,  is shown in Fig.  2, making the a s s u m p -  
tion that q /Xr  = 1000. 

We will de te rmine  the the rma l  r e s i s t ance  of a 
sphere  with two contact  a r ea s .  Fo r  s impl ic i ty  of cal= 
eulation we a s sume  that the t empera tu re  of the contact  
a r e a  is equal to the a r i thmet ic  mean  of the t e m p e r a -  
t a r e s  at  the center  and at the pe r iphery  of the a rea ,  
an assumpt ion  that will not introduce apprec iable  e r -  
r o r  into the calculat ion.  As shown in [5], in the case  
of contact  heat  t r ans fe r ,  the e r r o r  is compara t ive ly  
smal l  even when the boundary  condition of constant  
heat  flux is rep laced  by the condition of constant  t em-  
pe ra tu re  over  the whole of the contact  a rea :  

[P~ (cos ~) - -  2T m = T~-o + T~=] ---- ~ 2n + 1 
1 

n = 0  

- P,,+, (cos q01 [1 + P~+I (c0s q~)]. (13) 

The t e m p e r a t u r e  at  the equator ia l  sect ion of the sphere  
is z e ro ,  There fo re ,  

R s = AT/Q 1 ----- 2Tin~ q r~ sin 2 % 

and, in final fo rm,  

1 ~'~ 1 
Rs 

~a~Tsinr ~=0 ~ 2 n + l  x 

• [P,n (cos q~) - -  P2n+* (cos T)] [ 1 + P~n+l (cos qD)]. (14) 

The the rma l  r e s i s t ance  of a c i r c u l a r  contact  a r e a  
on a semiinf ini te  body is equal to [5] 

R~ = l/4a ~T (15) 

u n d e r  the condition of constant  t e m p e r a t u r e  on the 
a r ea ,  and 

R~ = 8/3 rY- a ~  (15 ') 

under  the condition of constant  heat  flux at the a rea .  
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Fig.  3. Dependence of the ra t io  of 
t he rma l  r e s i s t a n c e  of a sphere  and 
a semiinf ini te  body with a contact  

a r e a  on the radius  of the a rea .  

The values of R T and R q differ  by 8 %. The rat io 

R s _ 3= ~ ! IP..., (cos q4 
2R~ 16a , ~  2 n + l  

--P~n+.. (cos r [1 + P..,,,+~ (cos q~)l (16) 
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depends  o n l y  on the r e l a t i o n  ce = a / r o  = sin cp and in-  
d i c a t e s  an i n c r e a s e  of con tac t  t h e r m a l  r e s i s t a n c e  on 
t r a n s i t i o n  f r o m  a s emi in f i n i t e  body to a s p h e r e .  

The r e l a t i o n  given by (16) is  shown in F ig .  3, The 
t h e r m a l  r e s i s t a n c e  of a s p h e r e  with two con tac t  spo ts  
i s  s o m e w h a t  g r e a t e r  than the r e s i s t a n c e  of the two 
con tac t  spo t s  on a s e m i i n f i n i t e  body,  and a p p r o a c h e s  
the  va lue  of the l a t t e r  as  a / r  o d e c r e a s e s .  

In [3] the a s s u m p t i o n  was  made  that  the t h e r m a l  
r e s i s t a n c e  of a s p h e r i c a l  p a r t i c l e  a t  the point  of con-  
t ac t  i s  equal  to the t h e r m a l  r e s i s t a n c e  of a s e m i i n -  
f in i t e  body a t  the point  of contac t .  Ca lcu la t ion  of th is  
r e s i s t a n c e  was c a r r i e d  out  i n c o r r e c t l y ,  and the r e -  
su l t ing  e r r o n e o u s  va lue  ob ta ined  was 

R =  1/2=aL, ,  

which i s  7r/2 t i m e s  l e s s  than R T ,  c a l c u l a t e d  f r o m  
(15). 

We now turn  to the d e t e r m i n a t i o n  of the t h e r m a l  
conduc t iv i ty  of the g r a n u l a r  m a t e r i a l .  We a s s u m e  that  
the  g r a i n s  a r e  s p h e r i c a l ,  The t h e r m a l  conduc t iv i ty  o f  
the g r a n u l a r  m a t e r i a l  is  

)~ = Q h / s A T .  (17) 

Each  s p h e r e  in a bed  of s p h e r i c a l  p a r t i c l e s  touches  
N n e i g h b o r i n g  s p h e r e s ,  and t h e r e f o r e  N/3 con tac t s  
a r e  a s s o c i a t e d  with the  d i r e c t i o n  of each of t h r e e  m u -  
tua l ly  p e r p e n d i c u l a r  a x e s ,  and N/6  con tac t s  a r e  a s -  
s o c i a t e d  with each  of the two oppos i t e  d i r e c t i o n s  a long 
one of the a x e s .  In fac t ,  the s p h e r e  cannot  make  con-  
t ac t  in any d i r e c t i o n  with m o r e  than one s p h e r e .  The 
p h y s i c a l  m e a n i n g  of the above  s t a t e m e n t  is  that  the 
n u m e r i c a l  va lue  of the v e c t o r  hea t  f lux th rough  one 
s p h e r e  in the d i r e c t i o n  of the t e m p e r a t u r e  g r a d i e n t  is  

1(2} = Q,N/6. (18) 

The c o r r e s p o n d i n g  va lue  of the quant i ty  h i s  2r  0. The 
bed a r e a ,  t aken  o v e r  one g ra in ,  is  r e l a t e d  to the o t h e r  
bed p a r a m e t e r s  by the r e l a t i o n  

m = l - -  4~ r~/3hs, (19) 

whence  

s ,~ 2= r~/3 (1-- m). (20) 

The t h e o r e t i c a l  va lues  of N a r e  known only fo r  
c e r t a i n  t y p e s  of r e g u l a r  pack ing ,  g iven  in the t ab le .  
I t  m a y  be  supposed  that  in r e a l  r a n d o m  pack ing  the 
p a r t i c l e s  a r e  l oca t ed  u n i f o r m l y  th roughout  the  vo lume 
and the n u m b e r  of c o n t a c t s  is  d e t e r m i n e d  by the p o r -  
o s i t y  of the packing .  The dependence  of the n u m b e r  
of c o n t a c t s  on the vo lume  occup ied  by  the s p h e r e s  
m a y  be e x p r e s s e d ,  f o r  m > 0 .3 ,  by the e m p i r i c a l  r e -  
l a t ion  

N = 11.6(1- m), (21) 

va l id  fo r  r e g u l a r  pack ing  with c o o r d i n a t i o n  n u m b e r s  
4, 6, and 8. 

When a p r e s s u r e  ac t s  on a bed  of s p h e r i c a l  p a t t i -  

cles, 
tact, 
relation 

f 3 I [~ a = " -4  f Plr~ 

C h a r a c t e r i s t i c s  of R e g u l a r l y  Packed  
Sphe res  

con tac t  a r e a s  a r e  f o r m e d  at  t h e i r  poin ts  of con-  
the r a d i u s  of the a r e a s  be ing  given by  the Her t z  

(22) 

Type of packing Coordina- Porosity, 
lion numbe[ " % - 

Densest (hexagonal 
close-packed, face- 
centered cubic) 12 25,95 

Body-centered cubic 8 31.98 
Simple cubic 6 47.64 
Structure of dia- 
mond and ice 4 ] 65.99 

We w i l l  f ind the mean  va lue  of Pi ,  tak ing  accoun t  of 
(20) and (21): 

p~ = ps = 

N / 6  

2~r  2 6 = 0,345 - '~ (23) 
= P  3 ( l - - m )  l l . 6 ( l - - m )  ( l ~ t n )  ~ p''r~" 

Subs t i tu t ing  the va lue  of PI into (22), we obta in  

a =0.93r  o 1,3S{ 1 F " ) p l E ( 1 - - m )  2. (24) 

The hea t  f lux th rough  one s p h e r e  i s  

q = a T N / R s .  6. (25) 

Ca l c u l a t i ons  a c c o r d i n g  to (24) show tha t  fo r  s p e c i f i c  
load  va lue s  up to 0 .1  M N / m  z f o r  o r d i n a r y  g r a n u l a r  
m a t e r i a l s  with p o r o s i t y  4 0 - 5 0  %, the r a t i o  a / r  o does  
not  exceed  0 .02 ,  whi le  fo r  i n su la t ing  m a t e r i a l s  with 
p o r o s i t y  up to 95 %, i t  is  c l o s e  to 0.1. It m a y  be seen  
f r o m  F ig .  3 that  in t h e s e  c a s e s ,  to an a c c u r a c y  suf-  
f i c i e n t  fo r  t e c h n i c a l  p u r p o s e s ,  the quant i ty  R s in (25) 
m a y  be  r e p l a c e d  by  2R~.  When the s p e c i f i c  load  is  
i n c r e a s e d ,  f o r m u l a  (14) o r  F ig .  3 m u s t  be  used  to 
f ind R s.  

Subs t i tu t ing  (15') ,  (20), (24) and (25) into (17), we 
f i na l l y  f ind 

L : 3.12 ( 1 --- m)4 3 XT pb3,,,E l :~. (2 6) 

R e f e r e n c e  [6] gave the fo l lowing  e x p e r i m e n t a l  va l -  
ues  of t h e r m a l  conduc t iv i ty  of sand with g r a i n  s i z e  
l e s s  than 0 .2  m m  and of g l a s s  b e a d s  of d i a m e t e r  4 .8  
ram,  u n d e r  vacuum and a t  mean  t e m p e r a t u r e  of 338~ 

Sand 
Glass beads 

Thermal conductivity, mW/m �9 degree 
No load With load k p -  Z. 

(/,.) O, 1 MN/mZ(}p) 
3.64 36,0 32..! 

11.0 40.0 29.0 

The c h a r a c t e r i s t i c s  of the  m a t e r i a l s  w e r e  not g iven 
in the p a p e r .  A s s u m i n g  f o r  sand the a p p r o x i m a t e  va l -  

ues  m = 0 . 4 ;  E = 5 . 1 0  l~ N / m  ~ a n d k  T = 3  W / r e '  d e -  
g r e e ,  we find f r o m  (26) that  X = 59 m W / m  �9 d e g r e e .  
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For glass beads with k T = 1.0 W/m �9 degree and the 
same values of the other parameters ,  we obtain k ~ 
= 19.7 mW/m.  degree.  The la rger  discrepancy be- 
tween the calculated and experimental values in the 
f i rs t  case may be due to deviation of the shape of the 
sand part icles f rom spherical.  

In [7] a determination was made of the thermal 
conductivity under load for  s i l ica  aerogel of density 
120 kg/m ~ under vacuum and at a mean temperature 
of 307 ~ K. A comparison is made below of the exper- 
imental data and the calculated values {in calculating 
the variation of thermal conductivity with load, an 
initial value of k at 0. 037 MN/m 2 was assumed): 

Load, MN/m 2 0.0028 0.037 0.105 
kexp, mW/m- degree 5.31 5.86 6.28 
kcalc, mW/m. degree 5.45 5,86 6.15 

For  the aerogeI k T was taken to be equal to k for 
amorphous silica, i . e . ,  1.3 m W / m .  degree.  The 
porosity of  the aerogel m = 0.95 was found f rom its 
density. 

Thus, relation (26) is in sat isfactory agreement  
with the experimental data, and may be used for cal-  
culation of contact thermal conductivity of granular 
mater ia ls  under vacuum. 

NOTATION: 

E--modulus of elasticity; h--height of bed of grains 
corresponding to temperature  difference AT; m--po-  
rosity; p--specific compress ive  force on granular 
mater ia l  in direction of temperature  gradient; P1-- 

force acting on o n e  contact area~ Ql--heat flux through 
contact area; q--specific heat flux; Rs-- thermal  re-  
s is tance of a sphere  with two contact areas;  s - - a r e a  
in grain bed corresponding to a single grain; ~ = a / r  o -  
dimension less radius of a contact area;  XT--thermal 
conductivity of sphere material;  p - -Poisson ' s  ratio; 
0 = r /r0--dimensionless sphere radius. 
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